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Let IF = GF(q) be a finite field of characteristic p > 2. Let g be a positive integer. 
Denote by P(x) a polynomial over 5 of the form P(x) = xzz+ r + a, where 
(2g+l,p)=l and aEiF”, or of the form P(x) = ?c(xzp + a), where (2g, p) = 1 and 
a E IF x. Let K = IF(x, y) be a hyperelliptic function field defined by y* = P(x) over IF. 
Put L(U) = (1 - yr q%) (1 - y2q1’*u) ‘. (1 - yzgq’j2u) the L-function of K. Then, it 
is shown that, in the case P(x) = x*g+ r + a, y,, yz, . . . . yzg are roots of unity if and 
only if there exists nE bJ such that p’s -1 (mod 4g+2), and in the case 
P(x) = x(x*~ + a), y,, y2, . . . . yq are roots of unity if and only if there exists n E fV 
such that p” = - 1 or 1 + 2g (mod 4g). 6 1990 Acadermc Press. Inc 
1. INTR~DUCTL~N 
Let iF = GF(q) be a finite field of characteristic p > 2. Let K be an 
algebraic function field of genus g>O over 5. We will denote by L(U) its 
L-function, i.e., the numerator of its zeta-function Z(S). This is put in the 
form 
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where FEZ, a,= 1, ~~~-~=q~-‘u~ (i=O, . . . . g), and W,EC (i= 1, . . . . 2g). 
The so-called Riemann hypothesis means that oi can be written as 
Co; = yiq1’2, IYil = l (i= 1, 2, . ..) 2g) 
(see Eichler [l, Chap. V, Sect. 43 and Hasse [2, Chap. IV]). 
Moreover, it follows that if yI, y2, . . . . yzg are roots of unity then K is of 
Hasse-Witt-invariant zero (see Stichtenoth [9, p. 3581). 
In this paper we assume that K= lF(x, y) is a hyperelliptic function field 
defined by y* = P(x), where P(x) is a polynomial over [F of the form 
P(x)=x2g+l+u with (2g+ 1, p)= 1 and aEFX 
or 
P(x) = x(x’g + a) with (2g, p) = 1 and aSEX. 
In [4], we have already proved that, if P(X) =xzg+’ + a and pz - 1 
(mod 4g+2) or P(x)=x(xzg +a) and p= -1 or 1+2g (mod 4g), then 
Yl, Y2, -.-9 yZg are roots of unity and have obtained the explicit formulas of 
such L(u)?. In those cases, K is of Hasse-Witt-invariant zero in the sense 
of Stichtenoth [9] or K is supersingular in the sense of Rosen [7]. 
Supersingular curves of genus two were discussed by Ibukiyama, 
Katsura, and Oort [3] in the sense of algebraic geometry and super- 
singular hyperelliptic curves were discused by Yui [ll] in the sense of the 
formal group. Moreover, on Fermat varieties, Shioda and Katsura have 
studied supersingular case in [8]. 
Our purpose of the present paper is to get the necessary and sufficient 
condition for all yi to be roots of unity. Our main results are stated as 
follows. 
THEOREM 1. Let P(x)=xS+a, f=2g+ 1, (J p)= 1, and ae[FX. Then 
all yl, y2, . . . . y2g are roots of unity if and only $ there exists n E N such that 
p” = - 1 (mod 2f). 
THEOREM 2. Let P(x) =x(xf+ a), f= 2g, (f, p) = 1, and UE IF x. Then 
all yl, y2, . . . . yzg are roots of unity if and only if there exists n E N such that 
p”= -1 or 1 +f(mod 2f). 
Our proofs of Theorems 1 and 2 will be done analogously to the proof 
(which contained an idea due to 1. Miyawaki) of Theorem II in Shioda and 
Katsura [8]. The explicit formulas of L(u) under the assumptions in 
Theorems 1 and 2 will be discussed in [S]. 
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2. PRELIMINARY 
Let F = GF(q) be a finite field of characteristic p > 2. Let g be a positive 
integer. Denote by P(x) a polynomial over IF of the form P(x) = .x*~ + ’ + a, 
where (2g-t- 1, p)= 1 and aelF”, or of the form P(X) = x(xzg + a), where 
(2g, p)= 1 and ug[FX. 
Let K= [F(x, y) be hyperelliptic function field defined by y2 = P(x) over 
IF. Then it is clear that K is of genus g. We will denote by L(u) its 
L-function and put 
L(u)=a,+a,u+a,u2+ .” +u*gu2g 
=(l-w,U)(l-O*U)...(l--*nU) 
where oi= yiq”*, IyJ = 1 (i= 1, 2, . . . . 2g). 
In order to prove Theorems 1 and 2, we may assume that a = 1 and 
q =p. In fact, put K,, for the constant field extension of K of degree n 2 1. 
Then, if n is large enough, we can replace a by 1 by taking a suitable trans- 
formation of the variables x and y on K, ; i.e., such a field K, is obtained 
from the hyperelliptic function field M defined by 
y*=x*g+1+ 1 or y*=x(x*g+ 1) 
over the prime field GF(p) by the constant field extension of degree nt 
where q = pf. Moreover the L-function L,(u) of K, is given by 
L,(u) = (I- o;u)( 1 - w’;u) . ‘. (1 - w;,u, 
and also wl is given by I#= my’, where 52, is an inverse root of the 
L-function of M and of the form Qi = rip112 with 1Ti( = 1. Therefore we 
have y: = r:t and that yi is a root of unity if and only if Ti is a root of 
unity. Thus, for proofs of Theorems 1 and 2, it suffices to consider the 
special case a = 1, q = p. 
Throughout this paper we put a = 1, q =p, and F = GF(p). As is well 
known, a, is given by 
a,= -(y1+ .‘. +y2g)p1’2= 1 q(P(u)), 
L’E IF 
where q is the quadratic character of [F (see [2, p. 231). This fact can be 
written in terms of the Jacobi sum as follows. 
Let us denote by J@, v) a Jacobi sum in IF with respect to multiplicative 
characters ,U and v of IF, i.e., 
J(P, v)= c P(U)V(U) 
u+v=l 
with the summation extended over all pairs (u, U) of elements of IF satisfying 
u+v=l. 
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If P(x) = xzg+’ + 1 then 
d-l 
a, = c A’( -4)J(lj, Ai), 
j=l 
where A is a multiplicative character of 5 of order d= (p - 1,2g + 1) (see 
Lid1 and Niederreiter [6, Theorem 5.51 and Example 5.431). 
If P(x) = X(X” + 1) then 
a, =0 if ordz(2g) 2 ord,(p - l), 
where ord,(z) means the number of times 2 divides z for an integer z, and 
d- 1 
a, = C A”+ ‘( - l)J(A’~+‘, q) 
j=O 
otherwise, 
where A is a multiplicative character of lF of order 2d = 2(p - 1, 2g) (see [ 6, 
Theorem 5.521). 
We can now state a necessary and sufficient condition for all of rj to be 
roots of unity. 
LEMMA 2.1. rfP(x)=x’+l,f=2g+l, HEN, andK=GF(p”), then 
yy= . . . =gg= -1 (or 1) 
if and only iff 1 p” - 1 and 
13 -4)&q, n;l;, =p”‘2 (or -pm’*) (j= 1, . . . . 2g), 
where 1, is a multiplicative character of l-6 of orderf: 
Proof: The L-function L,(U) of the constant field extension of K of 
degree n is given by 
L,(U)=(1-0~U)(1-0;2+~(1-~;~U). 
So we have 
d-l 
(yl+ ... +y;,)p”‘2= c n;(-4)J(n;l;,qJ, 
j=l 
where A,, is a multiplicative character of U6 of order d = (p” - 1, f). 
Therefore, using the well-known result 
/A;( -4)J(A$ $)I =p”‘2 (j= 1, . ..) 2g) 
(see [6, Theorem 5.22]), we can easily get the desired assertion. 
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Similarly we can prove the following lemma. 
LEMMA 2.2. Zf P(x) = x(x’ + l), f= 2g, n E N, and K = GF(p”), then 
y;= . . . =yp -1 (or 1) 
if and only if 2f 1 p” - 1 and 
q+‘(-l)J(q+‘, qJ=pQ (or -p”“) 
for j = 0, . . . . 2g - 1, where q,, is the quadratic character of K and A,, is a mul- 
tiplicative character of K of order 2f: 
The Jacobi sums can be also written in terms of the Gauss sums and so 
we will now recall some known results which will be used in this paper, 
without proof but with references. 
Let us denote by G(p, p) a Gauss sum for a finite held K with respect 
to a multiplicative character p and an additive character p of [id, i.e., 
GbL, PI= c P(v)P(o). rtK.x 
LEMMA 2.3 ([6, Theorem 5.21 (5.43)]). Let pL1 and p2 be nontriuial 
multiplicative characters of K and p a nontrivial additive character of K. If 
p, pz is nontrivial, then 
LEMMA 2.4 ([6, Theorem 5.161 (Stickelberger’s Theorem)). Let q be a 
prime power, let p be a non-trivial multiplicative character of GF(q2) of order 
d dividing q + 1, and let p be the canonical additive character of GF(q*). 
Then 
4 fd is odd or - ’ + ’ is euen 
GbL, PI = 
d ’ 
-4 if d is even and - ’ + ’ is odd d ’ 
3. PROOF OF THEOREM 1 
In this section we will prove Theorem 1. For the proof, by the reasoning 
in Section 2, without loss of generality, we may assume that a = 1 and 
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q =p; IF = GF(p) and K= lF(x, y) is defined by y2 = xf+ 1 with f= 2g + 1 
and (f, p) = 1, where g is a positive integer. Then 
L(u) = (1 - y, p%) ‘. . (1 - yzgp%4). 
Proof of Sufficiency. We want to prove that if p” E - 1 (mod 2f) for 
some positive integer n, then 
yi’“= -1 (j= 1, . ..) 2g). 
Put K = GF(p*“). Denote by 1 a multiplicative character of order f and 
by x the canonical additive character of K. Then, since A”# trivial for 
j= 1, . ..) 2g, using Lemma 2.3, we see that 
J(lj 3 /Ii) = G(i’ 3 x)~/G(/I~ x) 2 . 
Since Lemma 2.4 leads to 
G(I’, x)* =p2n and G(A2j, 2) =p”, 
we obtain J(Aj, Ai) =p”. It is also easy to check that A’( -4) = 1. 
Therefore, according to Lemma 2.1, we have yy = - 1 (j= 1, . . . . 2g). So 
all of yj are 4n th roots of unity. 
Proof of Necessity. Let yi , y *, . . . . yy be nth roots of unity for some 
integer n > 0. Then n is even. In fact, for the L-function L,(u) of the 
constant field extension of K of degree n, the coefficient of the term of 
degree one is equal to 
-(Yl+ . . . + ySg) pnl2 = - 2gp@ 
and it must be a rational integer and so n must be even. 
We want to prove that there exists some integer k > 0 satisfying pk = - 1 
(mod 2f) and k 1 n. To do so, it is convenient to divide the proof into three 
steps. 
Step 1. Put 06 = GF(p2”). Then, from Lemma 2.1, we get 
flPZn-l and A’( -4).T(Aj, nj) = -p” 
for j+O (mod fh 
where I is a multiplicative character of order f of K. Using Lemma 2.3 we 
obtain 
J(A/ Aj) = G(Aj, x)“/G(A’~, x), 
where x is the canonical additive character of K and so we see 
AJ( -4)G(1’, x)‘= -p”G(A2j, x). 
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Let us now put 
G( R’, x) = ej p” for jf0 (mod f). 
where Isi\ = 1 (see [6, Theorem 5.111). Then, as is well known, 
G(i’, xlf~ Qa(ir) for j$O tmodf), 
where j$= ezniif (see Washington [ 10, Lemma 6.41) and so 
+ O(if 1 for j$O (modf). 
Furthermore ,l-I(-4)(~~p”)~= -.s2jp2n leads to &i’s= -E$. So if we 
choose c as a positive integer such that 2’ = 1 (mod f) and put s = 2”, then, 
because of ssj = Ed, we can easily obtain E;“= --ET. 
Thus s;if is a root of unity and hence it is a unit in Q(ir). 
This means (G(Aj, x)~) = (pf”) for all j= 1, . . . . 2g as ideals in Q([,.). 
Step 2. Suppose that d is a divisior of f and t is the order of p 
modulo d, i.e., t is the smallest positive integer satisfying p’= 1 (mod d). 
Then, using the well-known results about the Stickelberger element (see 
[ 10, Chap. 21, we want to prove that 2 1 t and 
for b E Z such that (b, d) = 1, 
where (z> means the fractional part of the real number Z. 
Under the isomorphism of the Galois group G(Q({J/Q) to (Z/&Y) x, let 
(T, E G(Q(id)/Q) correspond to r mod &Z. Put p =p mod &!. Then the 
cyclic group (p) generated by ~5 is the decomposition group for p. So, if 
we indicate by P a prime ideal of Q(<J lying over p, then the prime 
factorization of p in Q(cd) is given by 
(p)= JJ PO;‘, 
hsR 
where R is a set of representatives for (Z/&Z) x modulo (p ). 
Moreover set q =p’ and IL = GF(q). Let p be a prime ideal of Q([, _ r ) 
lying over p and let w  = w, be the isomorphism of II x to the cylcic group 
([,- , ) satisfying w(z) mod p = z for z E [Lx. Let us denote by xr the 
canonical additive character of O_ and put v = w  - ‘, where s = (q - 1 )/d. 
Then, as is well known. 
( - G(v, ~0~) = f““, 
where 
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Clearly, because p’” = 1 (mod d), I is a divisor of 212. By making use of 
the Davenport-Hasse Theorem, we have 
G(lj, x) = (- 1)(2n’r’-1 G(v, x~)~~” for somej, 
where il is a multiplicative character of order f and x is the canonical 
additive character of E-6 = GF(p2”). From Step 1, this implies that 
(G(v, #““) = (G(A’, x)~) = (pfn) 
as ideals of Q(cf). 
Since p is unramified in a([,), we obtain 
=fn for all b E R 
and hence 
for bEE such that (b, d) = 1. 
Since d is odd, it follows that t is even. 
Step 3. Since, from Step 2, the order of p modulo f is even, we denote 
it by 2k (k E N); obviously, k 1 n. Then we want to prove pk c - 1 (modf). 
To do so, by making use of the well-known results about Dirichlet’s 
L-series (see [ 10, Chap. 4]), we will show that pk f - 1 (mod f) leads to 
a contradiction. 
Assume that pk f - 1 (mod f ). This means that pm f - 1 (mod f) for 
all HEN. Letj=pmodfZ and x= -1 modfZ. 
Then 3 is not contained in the cyclic subgroup (d) of (Z/fZ) x and 
so there exists a character Y, of (Z/fZ) x such that Yr(p) = 1 and 
!qT)= -1. 
We may regard Yyl as a Dirichlet’s character modulo J: So we indicate 
by d the conductor of Y, and by !P the primitive character which induces 
Yrsearly dlf: Let L(s, Y) be the Dirichlet’s series. Then it follows from 
Y(-1)= -1 that 
Jql, Y)=7cz z(Y) T ‘--#O d d 
where T=C,dxI P(b)b and T(Y) means the Gauss sum. (The bar refers to 
complex conjugation). 
On the other hand, we put ~5 =p mod &J and H= (p). Then, it is clear 
that Y((H) = 1 and IHJ = t, where I is the order of p modulo d. Let us 
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denote by (6, . . . . &} a set of representatives of (Z/‘Z) x modulo H. Then 
we can easily get 
;=f i F(b)b= i c 
h=l j= I btb,N 
P(b) f 
(b,d) = 1 lO<b<dl 
Therefore, from Step 2, we have 
$=; i ‘Y(b,)=; 1 p(b)=O. 
J=l ht(Bi/L1* 
This contradicts L( 1, u’) # 0. Hence we get the desired assertion p“ = - 1 
(modf) and this completes the proof of Theorem 1. 
From the above proof, we can easily get the following result. 
COROLLARY OF THEOREM 1. Let the notations be as in Theorem 1 and 
assume that q =p and a = 1. Then there exists some integer n > 0 satisJving 
y’l= . . . =yp 1 
if and only [f there exists some integer m > 0 satisfying 
yy= . . . =,p -1. 
In this case, the minimum of such n’s is equal to 2 times the minimum of such 
m’s and it coincides with 4 times the minimum qf k’s satislving pk s - 1 
(mod 2f ). 
4. PROOF OF THEOREM 2 
In this section we will prove Theorem 2. The idea of the proof is similar 
to that in Section 3. In order to prove the theorem, we may also suppose 
that a = 1 and q =p; 5 = GF(p) and K = IF (x, y) is defined by y* = x(x’+ 1) 
with f = 2g and (f, p) = 1, where g is a positive integer. Then 
L(u) = (1 -ylpl’*u). . . (1 --y*gp%). 
Proof of Sufficiency. We want to prove that if p” E - 1 or 1 +f 
(mod 2f) for some positive integer n, then 
y:“= -1 (j= 1, . . . . 2g). 
Ml.‘36,2-5 
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Put K = GF(p’“). Denote by d a multiplicative character of order 2h by 
q the quadratic character, and by x the canonical additive character of K. 
Then, using Lemma 2.3, we get 
J(il*j+ l, r/) = W 2’+‘, Wh x) 
G(1”+ ‘TV, x) 
(j = 0, . . . . f - 1). 
In the case p” = - 1 (mod 2f), applying Lemma 2.4, we obtain 
G(A”+‘, x) = G(IZ”+‘tj, x) and G(c xl = P”. 
and so 
2a+1(-1)J(;12J’+1, v)=pn. 
In the case p” 5 1 +f (mod 2f), according to the well-known fact that 
G(1”+ 1, x) = G(J’“+ UP, x) (see 16, Theorem 5.12(V)]), we have 
G(l”+‘, x) = G($2j+1)fl, x) = G(R”+‘q, x), 
and hence 
J(n *j+‘, q)=G(q,~) (j=O, . . . . f-1). 
Since q is the quadratic character, from simple calculation, we see that 
and so 
12j+‘( - l)G(q, x)=p”, 
Aa+*(-l)J(A2j+l, ?Jzpn. 
Therefore, Lemma 2.2 leads to yy = - 1 (j = 1, . . . . 2g) and all of yj are 
4n th roots of unity. 
Proof of Necessity. Let y,, y2, . . . . yk be nth roots of unity for some 
integer n >O. Clearly, n is even. In order to prove that there exists some 
integer k > 0 satisfying pk E - 1 or 1 +S (mod 2f) and k (n, we will divide 
the proof into three steps. 
Step 1. Put K = GF(p2”). Then, from Lemma 2.2, we have 
2fI p2” - 1 and d%+1(-1)J(A2i+l, rl)= -pn (j = 0, . . . . 2g - 1 ), 
where 1 is a multiplicative character of order 2f and q is the quadratic 
character of H. Moreover Lemma 2.3 leads to 
J(nv+ l, ]1) = W 
‘j+‘, x)G(rl, xl 
G(A”+ 1 ‘f, x) ’ 
where x is the canonical additive character of M. 
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Therefore, because A”+ I (- 1) = + 1 and G(q, x) = kp”, we obtain 
G(%“+ ‘, x) = + G(%“+ “9 x) (j = 0, . . . . 2g - 1 ), 
and so 
(G(%2’+ ‘, K)“)= (G(l2j+‘+l, x)‘l) 
as ideals in Q([2,.), 
Step 2. Suppose that d is a divisor off satisfying ord,(d) = ord,(f). 
Denote by t the order of p modulo 2d, i.e., t is the smallest positive integer 
satisfying p’ = 1 (mod 2d). 
Then we want to show that 
for FEZ such that (h, 2d) = 1. 
Under the isomorphism of the Galois group G(Q(IZd)/Q) to (Z/2 dZ) x, 
let err E G(Q!(IZd)/Q) correspond to r mod 2 dZ. 
Put ~7 =p mod 2 dZ and denote by R a set of representatives for 
(Z/2 dZ) x modulo (~7). 
Moreover set q =p’ and [L = GF(q). Let p be a prime ideal of O(i,_ r) 
lying over p and let w  = wp be the isomorphism of 5 x to the cyclic group 
([,- ,) satisfying w(z) mod p = z for z E (1 x. Let us denote by 1, the 
canonical additive character of O_ and put v = w  -‘, where s = (q - 1)/2d. 
Then we see that 
( - G(v, x,)‘~) = Pzdo, 
where P is a prime ideal of Q(czd) lying over p and 
Clearly, t is a divisor of 2n. Since our assumption ord,(d) = ord,(f) 
ensures that the lifted character of v to K is of the form %2h+1 for some h 
(0 < h <<f-- 1 ), by making use of the Davenport-Hasse Theorem, we get 
(3% Zh + ‘, x) = ( - 1 )(2’+- ’ G(,,, X,)2n/r, 
where ;I is a multiplicative character of order 2f and x is the canonical 
additive character of I6 = GF( p2”). 
On the other hand, let us put p = w  -‘~ (q - ‘)j2. Then we can easily get 
( - G(p, I,)‘~) = P2d”, 
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where 
‘c’ { P”‘:d’ d’) a, 1. 
beR j=O 
Moreover the Davenport-Hasse Theorem leads to 
W 2h+ 1 ‘f, x) = (- 1)(2@- lG@, Xt)2n/r. 
Therefore it follows from Step 1 that 
(WV, xJ4-‘““) = (G(P, x,)“~““) 
as ideals in Q(czf). This implies that, for all b E R, 
So we obtain the required result 
for bEZ such that (b, 2d) = 1. 
Step 3. Assume that pm f - 1 (mod 2f) for all m E N and p” f 1 +f 
(mod 2f) for all m E N. Then, by making use of the well-known results 
about Dirichlet’s L-series, we want to show that this leads to a contra- 
diction. 
Put jj=pmod2fZ, F=l+fmod2fL, and T= -1mod2fZ. 
Then our assumption implies that 
(B> $ m 7 
and hence there exists a character Y, of (Z/2fZ)” such that 
Yl(p”) = 1 and Y,!Gy, = Yl(T) = - 1. 
We may regard Yi as a Dirichlet’s character modulo 2f: So we indicate 
by d, the conductor of Y, and by Y the primitive character which induces 
Y,. Then d, ( 2f and ord2(d 
dllf and so we have Yy,(l 
d,(2f ). In fact, if ord,(d,) < osf ), then 
+ f)= 1 which contradicts Y,(l + f)= -1. 
Thus we can put d, = 2d, where dl f and ord,(d) = ord,(f ). 
Let us now consider the Dirichlet’s series L(s, Y). Then it follows from 
Y(-1)= -1 that 
r(y) T L(1, Y)=Iri-- 
2d 2dZo 
where T= F !P(b)b. 
b=l 
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On the other hand we put p =p mod 2 6;2 and H = (~7). It is clear 
that p(H)=1 and H$q=-lmod2diZ, l+d=l+dmod2& Let us 
denote by 16, . . . . F;) a set of representatives of (Z/fZ) x modulo H. 
Because H ~3 7, we see that 2 ( r and, because H $1 + d, we may put 
b l+r/2=bj(l+d) for j = 1, . ..~ r/2. 
Then we can get easily 
$=& z p(b)b= i c - - b 
b=l j=l 6EZ;;H 
y(b) 2d 
(h.Zd)= 1 (0 < b < 2J) 
Thus, in view of Step 2, we obtain 
(P(bi)+ P(bj(l +d)))=O, 
which contradicts L( 1, Y) # 0. 
Therefore there exists an integer m > 0 such that p” 3 - 1 or 1 +f 
(mod 2f). Let k be the smallest positive integer satisfying pk z - 1 or 1 +f 
(mod 2f). Then it is trivial that 2k is the order ofp modulo 2fand so, from 
p2” z 1 (mod 2f), we have k ( n, which proves Theorem 2. 
From the above proof, we can also get easily the following result. 
COROLLARY OF THEOREM 2. Let the notations be as in Theorem 2 and 
assume that q = p and a = 1. Then there exists some integer n > 0 satisfying 
yy= . . . =y;,=1 
if and only if there exist some integer m > 0 satisfying 
Yl m= . . . =y’;b= -1. 
In this case, the minimum of such n’s is equal to 2 times the minimum of such 
m’s and it coincides with 4 times the minimum of k’s satisfying pk = - 1 or 
1 +f (mod2f). 
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